A wavelet multi-resolution technique is applied to analyze the three vorticity components obtained simultaneously using an eight-wire probe in the far wake of a circular cylinder at a Reynolds number of 6 000. Using this technique, the vorticity is decomposed into a number of orthogonal wavelet components based on different central frequencies, which correspond to the scales of turbulent structures. The vortical structure of each wavelet component is examined in terms of vorticity variance. The present result shows a relatively large contribution to the longitudinal vorticity variance from the large-scale structures than both to the transverse and to the spanwise vorticity components. The dominant contributions to the vorticity variances are from the intermediate and relatively small-scale structures.
Orthogonal Wavelet-Decomposed 3-D Vorticity of a Turbulent Cylinder Wake
Introduction
It is well known that vorticity is an important characteristic of turbulence. There have been many attempts to measure these quantities simultaneously in various flows since the first measurements of all three components of the vorticity fluctuations by Wassman and Wallace (1979) (1) using a nine-sensor probe. Convectional statistical analysis on the three vorticity components have been performed in some turbulent flows, such as a turbulent boundary layer (2) , grid and boundary layer turbulence (3) and wake flows (e.g. Refs. (4) - (6) , (8) , (19) ). Marasli et al. (1993) (4) employed the modified nine-sensor probe to measure all three components of the vorticity vector in a turbulent intermediate wake. Using a simpler configuration, Zhu and Antonia (1996) (5) used four cross-wires to measure simultaneously the three vorticity components in a turbulent far wake. Recently, (19) and Yiu et al. (2004) (8) also provided some new experimental data and analysis on three-dimensional vorticity in the turbu-lent wakes. For investigating the three-dimensional vortical structures of turbulent wakes, several eduction techniques have been developed (9) - (12) . Recently, Yiu et al. (2004) (8) employed the phase-average technique to investigate the Reynolds number effect on three-dimensional vorticity in a turbulent near wake. The phase-average technique is based on the center frequency or vortex shedding frequency to extract the coherent and incoherent largescale structures. However, this method cannot provide information on the contributions from the various scales of vortical structures to the turbulent energy, Reynolds stresses and vorticity variances.
The wavelet transform has proven to be effective to extract information on the turbulent structures at various scales (or frequencies), and has the advantage of quasilocality in both physical-space and Fourier space which allows extracting the time evolution of the various scales in the sampled signal. Many researchers (e.g. Refs. (13) - (17)) have developed the wavelet technique to the identification of turbulent structures. Recently, Rinoshika and Zhou (18) applied an orthogonal wavelet multi-resolution technique to the analysis of the turbulent structures of various scales in the near-wake of a circular cylinder. It is observed for the first time that the spanwise vorticity contours of the wavelet component at the averaging frequency of Kármán vortices display a secondary spanwise structure near the saddle point in the near wake of a circular cylinder. Using the same technique, the dependence of the turbulent structures of various scales on various wakegenerating bodies or initial conditions in the near and far wakes was further investigated by Zhou and Li (2003) (19) and Rinoshika and Zhou (20) , (21) . Their results indicate that the intermediate-as well as the large-scale structures depend on the initial conditions.
One aim of this work is to explore further the turbulent structures of the far-wake, in particular, focusing on the aspects of vorticity. For this purpose, the three-dimensional vorticity components were simultaneously measured using a high spatial resolution vorticity probe. The connection between the three-component vorticity and the multi-scale vortical structures, which is fundamentally important to the thorough understanding of the far-wake turbulence, is investigated.
Another purpose of the present study is to employ the wavelet multi-resolution technique, used by Rinoshika and Zhou (18) , for decomposing the measured threecomponent vorticity signals into a number of wavelet components based on their central frequencies, which are representative of the turbulent structures of different scales. The contributions from the turbulent structures of various scales to the Reynolds stresses, velocity and vorticity variances are calculated. The large-, intermediateand small-scale structures of the far-wake are documented in details in terms of the three-dimensional vorticity.
Experimental Details
The experiments were conducted in a closed loop wind tunnel with a test section of 1.2 m (width) × 0.8 m (height) and 2.2 m (length). The three-dimensional vorticity were measured simultaneously at a free stream velocity of 15 m/s, corresponding to Re = 6 000. The measurement location is at x 1 /d = 240, where d (≡ 6.35 mm) is the diameter of the stainless steel circular cylinder. At this location, the wake half-width L is about 21 mm, the mean velocity defect on the wake centerline U 0 is 0.8 m/s and the Kolmogorov length scales η [≡ (ν 3 / ε ) 1/4 , where ε is the mean turbulent energy dissipation rate] are about Table 1 Summary of the experimental conditions on the wake centerline 0.22 mm across the wake. The local turbulence intensity u i /U 1 (hereafter, a prime denotes rms values, u i with i = 1, 2, or 3 is the velocity fluctuations in the x i -direction and U 1 is the local mean velocity) is less than 2%, favoring the use of Taylor's hypothesis. The detailed experimental conditions are summarized in Table 1 .
The probe consists of four X-probes (Fig. 1) . Two are in the x 1 -x 2 plane and separated in the x 3 -direction; the other two are in the x 1 -x 3 plane and separated in the x 2 -direction. It is assumed that each X-probe measures two velocity components at the center of the probe. The separation between the two inclined wires in each X-probe is about 0.7 mm. The separations between the centers of the two X-probes in x 2 -and x 3 -direction are about 2.7 mm. The effective angles of the two wires in each X-probe are about 37
• . The hot wires were etched from Wollaston (Pt- The hot wires were operated with in-house constant temperature circuits at an overheat ratio of 1.5. The probe was calibrated at the centerline of the tunnel against a Pitot-static tube. The yaw calibration was performed over ±20
• . The output signals from the anemometers were passed through buck and gain circuits and low-pass filtered at the cut-off frequency f c which is close to f K , where f K ≡ U 1 /2πη is the Kolmogorov frequency. The filtered signals were subquently sampled at a frequency f s of 18 400 Hz using a 16-bit A/D converter. The sampling period is about 60 seconds.
The three vorticity components are obtained from the u i signals measured by the vorticity probe using the following finite difference method, i.e. ∂u j /∂x l = ∆u j /∆x l . The streamwise derivatives are calculated using Taylor's hypothesis, i.e. ∂u j /∂x 1 = −U −1 1 ∆u j /2∆t (i = 2, 3) by using central differences. The three vorticity components can be obtained, viz.
and
Orthogonal Wavelet Decomposition Method
Discrete wavelet transform and wavelet multiresolution analysis are discussed in detail in many references (e.g. Refs. (18) - (22)), and therefore only the key concepts and equations will be given in this section.
1 Discrete wavelet transform
The one-dimensional discrete wavelet transform is defined as
where v(x) is the one-dimensional function and Ψ i,n (x) is the one-dimensional orthogonal wavelet basis, i is the wavelet level (i.e. the scale), n is the location. Here Dv i,n is called discrete wavelet transform coefficients. The onedimensional orthogonal wavelet basis, Ψ i,n (x), is simply given by
In the present study, the Daubechies family with an order of 20 is selected as the wavelet basis. The original function can be reconstructed from the inversion of Dv i,n , viz.
As a linear transform, the wavelet transform of a function is a vector whose elements are the wavelet transforms of the components sampled with a scale of 2 i . The high scale level of i indicates high frequency corresponding to small-scale structures and vice versa. In general, the finescale discrete wavelet transform can capture the local features of the original functions and provide a parsimonious representation of the functions at the same time.
2 Wavelet multi-resolution analysis
Decomposition of a time series into various resolutions through an iteration process is termed as multiresolution analysis. Multi-resolution analysis provides an efficient mechanism for going from one resolution to another. Mallat (1989) (22) showed that a time series f (t) can be completely decomposed in terms of "approximations" and "details" relative to different time scales, which are provided by the scaling functions and wavelets, respectively. Given that the discrete wavelet transform is an orthonormal and linear transform, from Eq. (6), the function can be represented by the summation of wavelet components at different central frequencies (from low to high), viz.
where
In Eq. (7), Mv 1 and Mv k are the wavelet components at level 1 (the lowest frequency, coarse information) and level k (the highest frequency, detailed information), respectively. The method described in Eqs. (7) and (8) are called wavelet multi-resolution analysis which is an orthonormal decomposition processing. The original function can be reconstructed by summation of all the frequency components in multi-resolution analysis.
In the present study, the instantaneous velocity component U j (x 1 , x 2 , x 3 ,t) can be written as the sum of a timeaveraged componentŪ j and a fluctuation component u j , viz.
To extract various scales in turbulent structures, the wavelet multi-resolution analysis is used to decompose the velocity fluctuation components u j into a number of orthonormal wavelet components based on wavelet levels, which correspond to the different central frequencies and are directly linked to turbulent structure scales (17) - (21) . The wavelet multi-resolution analysis may process fewer data by selecting relevant details that are essential to perform the extraction of multi-scale flow structures, and decompose the velocity fluctuations both in Fourier and physical spaces. Each wavelet component represents the turbulent structures of a certain range of frequencies (i.e. a non-zero frequency band) so that the information of any scales contained in the original data will not be lost due to a limited number of wavelet levels. From Eq. (7), the u j can be written as
where k is the total number of wavelet levels, and u i, j is the wavelet component of u j at i th wavelet level. Equation (9) can be rewritten as
The wavelet components of the instantaneous vorticity components ω j (x 1 , x 2 , x 3 ,t) can be written as
Results and Discussion
The spectra φ u 1 and φ u 2 measured on the wake centerline are shown in Fig. 2 . The spectrum φ u 1 is defined
where k 1 is the wavenumber in the streamwise direction and a superscript asterisk denotes normalization by Kolmogorov scales. As a reference, the longitudinal integral length scale L u and the Taylor microscale λ are also shown in the figure. There is no pronounced peak in the distribution of φ u 1 , but there exists a peak in the distributions of φ u 2 around the frequency of 180 Hz. This frequency corresponds to a Strouhal number St (≡ f d/U ∞ ) of about 0.07, which indicates the passage of the organized vortical structures. This corresponding frequency will be used as the basic frequency f 0 in the wavelet analysis to represent the large-scale vortical structures.
Generally, two dominate frequencies in the near wake can be found on the wake centerline. One corresponds Fig. 2 The measured φ u 1 and φ u 2 on the wake centerline. ---, φ u 1 ; -, φ u 2 . Scales corresponding to L u and λ are also shown to the Strouhal frequency (≈ 0.2) and the other is as the double of Strouhal frequency (e.g. Ref. (7)). With the increase of the downstream locations, the Kármán vortex in the near wake breaks down and the second peak becomes weaker and weaker. It disappears completely at the location of x 1 /d = 40. Our current experiments were conducted in the far wake, with x 1 /d = 240. At this location, there will be no Kármán vortex street. However, the existence of the ordered or quasi-ordered motion of the large eddies is still recognized (as revealed by the peak on the energy spectrum in Fig. 2 ). Previous studies, e.g. by Cimbala (1985) (23) and Antonia et al. (1987) (24) , showed that the growth of these large eddies resulted from the hydrodynamic instability of the mean wake profile. The characteristic frequency of the large eddies decreases with x 1 , resulting in a decrease of the Strouhal number from a value of around 0.2 in the near wake to 0.07 at x 1 /d = 240.
In order to examine the turbulent structures at various scales, the velocity fluctuations u j (x 1 , x 2 , x 3 ,t) (where j represents any one of the three velocity components) are decomposed into a number of orthonormal wavelet components based on wavelet levels, which correspond to the central frequencies and 25% for j = 1, 2 and 3, respectively, and 25.8% for u 1 u 2 f 0 / u 1 u 2 max . These results are consistent with those reported by Zhou and Li (2003) (19) , who showed that the maximum coherent contribution from the large-scale vortical structures with the central frequency f 0 is between 20% and 30% in the far wake behind a triangular cylinder (x 1 /d = 220). It is also observed that the values of βγ i / βγ max tend to be largest at f 0 for all locations of x + 2 and decrease as the frequency increases, indicating that lower frequency eddies contain more energy than the higher frequency ones. It should be noted in Fig. 3 (b) and (c) that, the decreases of u . This result indicates that there is a significant contribution to timeaveraged transverse and spanwise velocity variances from the intermediate-scale structures. In Fig. 3 , it is also observed that when the central frequency is larger than 4 f 0 , Fig. 3 the values of βγ i / βγ max drop quickly with the increase of the central frequencies.
The distributions of the time-averaged three vorticity variances obtained from the wavelet multi-resolution analysis at different wavelet levels or central frequencies are shown in Fig. 4 . The values of ω (Fig. 4 (a) ), accounts for about 15.7% of the maximum longitudinal vorticity variance for x + 2 < 1. This value is much larger than that for ω Fig. 4 (c) ), indicating a relatively larger contribution to the longitudinal total vorticity variance from the large-scale structures than both to the transverse and to the spanwise vorticity components. This result is consistent with the spectra of the three vorticity components on the wake centerline, as shown in Fig. 5 . The spectrum of ω 1 contains more energy than the other two vorticity components in the range of low and moderate frequencies, implying that the large-scale structures contribute more to the longitudinal vorticity component than both to the transverse and to the spanwise vorticity components. The present result is different from the observation in the near wake (x 1 /d = 10) behind a circular cylinder (19) , where a relatively larger contribution to the total spanwise vorticity variance from the largescale structures is found. This result seems to suggest that as the vortical structures evolve downstream, the spanwise and rib-like structures found in (19) show different contributions to the three vorticity components. Compared with Fig. 3, Fig. 4 shows that, the turbulent structures with higher central frequencies tend to contribute more to the vorticity variances than those of lower ones since ω 
Conclusions
All three components of the vorticity vector in the far region of a cylinder wake (x 1 /d = 240) were measured simultaneously by employing an eight hot-wire probe. Using the wavelet multi-resolution technique, contributions to Reynolds shear stress, velocity and vorticity variances from different wavelet components are evaluated. The maximum coherent contribution to velocity variances and Reynolds shear stress from the large-scale vortical structures with the central frequency of f 0 is between 20% and 30%, which is consistent with those reported by Zhou and Li (2003) (19) . The present results at Re = 6 000 show that the largescale structures (with central frequency f 0 ) contribute appreciably (15.7%) to the longitudinal vorticity variance for x + 2 < 1. In contrast, they contribute only about 7.4% to ω 
